Brake System Theory
Brake Hydraulic Theory
Most people will be be starting with a brake caliper from a particular car. The goal is to find out what size master cylinder should be used to give acceptable pedal force, and also to figure out how to proportion the braking forces between the front and rear wheels. Before we jump into that let’s look at brake system basics.
Basic Hydraulics
The fundamental concept behind hydraulics is the incompressible fluid. A fluid is a material that can flow into any volume. Gases and liquids are all fluids, the principle difference being the amount of compressibility they exhibit. The other unique characteristic that all fluids share is that the pressure is the same everywhere within the fluid region (neglect the effects of gravity, it doesn’t play on the size scales we are talking about). For example, let’s fill a 55 gallon drum completely with water, so that there is no air in the tank. If I push on the bottom of the tank the top of the tank will start to bulge (so will the sides, but not as much since they are thicker material). The force on the bottom of the tank got transmitted to every part of the tank. Now let’s get another 55 gallon drum and completely fill it with water as well. Connect it to the first tank with a hose, and get rid of all the air from the system. Again if I push on the bottom (or the top) of the first tank, the force will be felt every within the fluid, even the second tank that we just connected. Now we are starting to see our hydraulic system, the drums are the master and slave cylinders and the hose is, well, the hose.
[image: hydraulics1.png]
This is our first hydraulic system. On the left is our master cylinder, on the right our slave cylinder. The key to remember is that the hydraulic fluid is incompressible. It will always have the same volume no matter what we do. If we move the master cylinder piston, then the volume inside the master cylinder changes, the volume of the rest of the system has to change in order to keep the total volume constant. Assuming that the hydraulic lines are perfect and never change the volume change in the master cylinder is going to have to be matched by a volume change in the slave cylinder.
The volume change in the master cylinder is
[image: \Delta V_{\mathrm{Master}} =  d_{\mathrm{Master}} A_{\mathrm{Master}}]
Where [image: d_{Master}]is the distance the master cylinder piston moved, and [image: A_{Master}]is the cross sectional area of the master cylinder. Since the volume change in the slave cylinder is the same as the volume change in the master cylinder the distance the slave cylinder moves must be:
[image: d_{\mathrm{Slave}}=  d_{\mathrm{Master}}\frac{A_{\mathrm{Master}}}{  A_{\mathrm{Slave}}}]
OK, but what about pressure? That’s easy, the pressure is the same everywhere. And we find it by dividing the force on the master cylinder piston by the master cylinder area:
[image: P=  F_{\mathrm{Master}}  A_{\mathrm{Master}}]
Now what is the force exerted by the slave cylinder piston? We know the pressure in the slave cylinder, it is the same as in the master cylinder. The force on the slave cylinder piston is the pressure times the area of the slave cylinder:
[image: F_{\mathrm{Slave}}  =P A_{\mathrm{Slave}}  = F_{\mathrm{Master}} \frac{A_{\mathrm{Slave}} }{A_{\mathrm{Master}}}]
So now we have the entire picture. If the slave cylinder is bigger (in diameter, and therefore area) than the master cylinder we get a bigger force out of the slave than we put into the master, but a smaller movement. Just like a lever.
Automotive Brake Systems
The hydraulic system is simply a means to and end. We want to actuate a control and have the car slow down. In our case that means push on a pedal with our foot and have the car slow down.
The Master Cylinder
Our ideal hydraulic system is a pretty good model, but we need to add some things to it to make it applicable to automotive systems. The first addition is to the master cylinder. We do not act directly on the master cylinder piston, but rather, through a brake pedal that adds mechanical advantage. If we apply a force on the brake pedal we get a higher force on the master cylinder:
[image: F_{\mathrm{Master}} =  F_{\mathrm{Pedal}}  a / b]
[image: a/b]is the “pedal ratio”.
[image: brakepedal.png]
If we press on the pedal with 70lbf and the pedal ratio is 7, then the
force on the piston is 490lbf.
The Wheels and Rotors
Now that we can get the hydraulic system up to pressure how do we use that to slow the car down? Most modern cars use disk brakes in the front and while most use disks in the rear now as well, there are many (including most trucks) that still use drum rear brakes. The Locost Calculator assumes four wheel disks and that is what we will talk about here.
All modern disk brakes systems rely on brake pads pressing on both sides of a brake rotor to increase the rolling resistance and slow the car down. The amount of frictional force is found by multiply the force pushing the pad into the rotor by the coefficient of friction of the pad.
The next place to review our model is to look at the business end of the braking system: the calipers. There are two types of calipers in broad use today: floating calipers, and fixed calipers. Racing cars use multi piston fixed calipers while the vast majority of production cars use floating calipers. Floating calipers have a piston (or pistons) acting on one side of the disk to press the brake pads into contact with the brake rotor. As the pistons push in the entire caliper slides on pins to center the brake rotor between the pads. Fixed calipers have pistons on both sides of the rotor and keep the caliper fixed in place when the pistons act. The advantage is that the caliper can be smaller and allow a larger rotor inside the same wheel. They also flex far less than floating designs.
[image: calipers.png]
The diagram above shows the two types of caliper, floating on the left, and fixed on the right. To find out how much force the pads are getting find the total piston area ON ONE SIDE of the caliper. For a floating caliper that is just the total piston area. For a fixed caliper use only the inboard or outboard pistons. Then use that force on both brake pads.
Why pressure from only one side?
This can be a little confusing and some very smart people have gotten caught. But it really isn’t that hard to understand if we shift our thinking a bit. First, ignore whether or not the caliper is fixed or floating; it doesn’t matter, and in a minute you’ll see why.
Imagine that you are holding a book between your two open hands. Now squeeze on the book. If your left hand is pushing with 25 pounds of force, then your right hand has to push back with that much force or the book will move across your chest. Each of your hands is a brake pad, and the book is the rotor. The force between the pad and the rotor is only 25 pounds, not 50. And it is the force between pad and rotor that determines the frictional force generated on the brake rotor.
In this respect there is no difference between floating and fixed calipers. The other side just acts to keep the rotor centered in the caliper, one moves the whole caliper, the other moves the other pistons.
But wait! There are still two pads, one on each side. If we replace one pad with a ball bearing surface the force on the rotor from the brake caliper would be reduce about half. So we have to count both pads, but using the force generated by one side of the pistons.
[image: bookhands1.png]
So, the force slowing the brake rotor is
[image: F_{\mathrm{Rotor}}=2C_{f,\mathrm{Pad}} F_{\mathrm{Pad}}]
But the force that slows the car down is really the force the wheel exerts on the hub, which is the same as the force the tire exerts on the road (ever action has an equal and opposite reaction). But how do we turn the slowing force on the rotor into the force the tire puts on the road? By turning it into a torque, because the torque on the rotor from the pad is the same as the torque on the tire from the road. The torque the brake pad puts on the wheel/rotor is the force on the rotor, given above, multiplied by the radius the force acts on, which is essential at the center of the pad. For us, we take the brake disc radius (diameter divided by two) and subtract half of the slave piston diameter (which assume the pad is centered over the piston, which is a good assumption in general):

Since we now know the torque on the wheel we can find the force of the road on the wheel, which is the force on that tire slowing the car down,
[image: F_{\mathrm{Decel}}=\frac{T_{\mathrm{Wheel}}}{r_{\mathrm{Wheel}}}=\frac{2T_{\mathrm{Wheel}}}{d_{\mathrm{Wheel}}}]
But wait, there’s more!
Center of Mass, Wheelbase and Weight Transfer
The car has four places that are exerting forces to slow down the car. We treat the two front tires as identical, and the two rear tires as identical. When we talked about brake pads we said that the frictional force they generated was proportional to the force pushing them into the brake disc. The same holds for the tires, the force generated by the tires to slow down the car is the force pushing the tire into the ground multiplied by the tires coefficient of friction.
[image: F_{\mathrm{Wheel}}=C_{f,\mathrm{Tire}}F_{\mathrm{Weight}}]
Static and Dynamic Friction
Friction is a tricky beast, and in a very real sense no one on earth really understands it. But we can describe it a bit by coming up with some magic numbers called coefficients of friction. There are two types of friction: static and dynamic. Static friction is what keeps something from sliding, dynamic friction is what slows it down once it has started sliding. For an example, place your hands flat together (like above, but without a book between them this time) and press them together. Now that they are pressed together try to slide them across each other, without releasing the pressure you are applying. You will find that at first they don’t move but after you build up enough force they “break away” and slide very easily. Before they started sliding you were trying to overcome hat static friction, once they started sliding the dynamic friction was what you felt as they came apart. For all materials you will run across in your daily life (unless you work in a cryogenics lab) the static friction is higher than the dynamic friction. That is what is meant by “the limits of adhesion” when you hear about race driving. Keeping the tires generating as much force as possible without letting the start to slide is the most effective use of the tire. You may also hear about static friction when people talk about “stiction” in coilover and dampers.
There are two forces we are concerned with in friction. The first is what engineers and mathematicians refer to as the “normal” force, this is the force acting perpendicular to the surface we are trying to move the block against. The second force is the transverse force, this is the force trying to move the block over the surface… So since we really don’t understand friction, we measure the coefficients of friction between two materials and report those numbers. The coefficient of static friction tells you how much transverse force you can apply before the things start to slide. If is what we are concerned about where the tires touch the road. The dynamic coefficient of friction tells you how hard you have to push to keep the thing moving, or how much force will slow it down if you do nothing. The dynamic coefficient is what we are concerned with at the brake rotor and nearly every place else that we ever talk about in a car.
So if we are trying to design our brake system to let us decelerate a certain amount we design as if we were braking with the tires right at the limit of adhesion, or just before the tires start to slide.
[image: forces.png]
The problem is that the weight on the tire changes after we start braking. Since the center of mass of the car is above where the force on the tire is slowing the car the weight is shifted forward. But how much?
[image: weighttransfer.png]
To figure that out we need to know few things, first, how high is the center of mass of the car above the ground? Second, how much of the weight of the car is on the front tires when the car is as rest (which is really just another way of know where along the length of the car the center of mass is). Third, how far apart are the wheels, or what is the wheelbase? And lastly, what is the weight of the car?
If the car is moving at a constant speed, then a certain percentage of the cars weight is on the front wheel, and the rest is on the back wheels. When the car starts to slow down, some weight gets added to the front wheels, and the same amount of weight gets removed from the rear. This is what causes cars to dive under braking. To find how much weight is transferred think of the car as if it were a crank with its handle on the CG. The braking force tries to make the car dive, and the front wheels try to keep it level. The torque on the crank from braking is
[image: T_{\mathrm{Dive}}=m_{\mathrm{Car}}ah_{\mathrm{CG}}]
The torque trying to keep the car from diving is
[image: T_{\mathrm{Upright}}=F_{\mathrm{Front}}\left(1-\frac{\mathrm{WF}}{100}\right)/L_{\mathrm{wb}}]
where WF is the percentage of weight on the front wheels and [image: L_{\mathrm{wb}}]is the car’s wheelbase.
[image: T_{\mathrm{Dive}}]and [image: T_{\mathrm{Upright}}]must be equal or the car would just keep diving So,
[image: m_{\mathrm{Car}}ah_{\mathrm{CG}}=F_{\mathrm{Front}}\left(1-\frac{\mathrm{WF}}{100}\right)/L_{\mathrm{wb}}]

Which give the amount of force added to the front wheels when the car is braking. So the weight on the front and rear wheels under braking is


Slowing the Wheels
Now that we have the weight on each of the tires we can find how much braking torque needs to be applied to get a certain level of deceleration. Assuming that we are at the limit of the tires, but not locking up, the force acting to slow the car down from one of the front wheels is:
[image: F_{\mathrm{Wheel}}=W_{\mathrm{Front}}C_{f,\mathrm{Tire}}]
But that still leaves a pesky friction coefficient for the tires. We can get rid of that if we remember that we are decelerating the entire car at rate, a. That means the sum of the braking forces from the front tires and the rear tires must be ma, where m is the mass of the car.
[image: F_{\mathrm{Decel}}=m_{\mathrm{Car}}a=F_{\mathrm{Front}}+F_{\mathrm{Rear}}]
[image: m_{\mathrm{Car}}=\frac{W_{\mathrm{Total}}}{g}]
[image: \frac{W_{\mathrm{Total}}}{g}a=W_{\mathrm{Front}}C_{f,\mathrm{Tire}}+W_{\mathrm{Rear}}C_{f,\mathrm{Tire}}]
[image: \frac{W_{\mathrm{Total}}}{g}a=C_{f,\mathrm{Tire}}\left(W_{\mathrm{Front}}+W_{\mathrm{Rear}}\right)]
But,
[image: W_{\mathrm{Total}}=\left(W_{\mathrm{Front}}+W_{\mathrm{Rear}}\right)]
So,
[image: C_{f,\mathrm{Tire}}=\frac{a}{g}]
Which means,
[image: F_{\mathrm{Decel}}=\frac{a}{g}W_{\mathrm{Front}}]
Remember from above we already have one way to find the road force on the tire:
[image: F_{\mathrm{Decel}}=\frac{T_{\mathrm{Wheel}}}{r_{\mathrm{Wheel}}}=\frac{2T_{\mathrm{Wheel}}}{d_{\mathrm{Wheel}}}]
So now we have a way to start with the desired deceleration of the car and work our way to the master cylinder size.
[image: T_{\mathrm{Wheel}}=\frac{F_{\mathrm{Decel}}d_{\mathrm{Wheel}}}{2}=\frac{aW_{\mathrm{Front}}d_{\mathrm{Wheel}}}{2g}]
Now, transform the wheel torque into the force on the rotor

[image: d_{\mathrm{Effective}}=\left(\frac{d_{\mathrm{Disk}}}{2}-\frac{d_{\mathrm{Piston}}}{2}\right)]
[image: F_{\mathrm{Rotor}}=\frac{aW_{\mathrm{Front}}d_{\mathrm{Wheel}}}{2gd_{\mathrm{Effective}}}]
Moving the Calipers
From the force slowing the rotor we can find the force on the brake pads. The force on the rotor is divided evenly between the two brake pads, so the force on the brake pad from the piston is

Now we find the pressure required to generate that piston force,

That pressure is generated by the force on the master cylinder. The force on the master cylinder is the pedal force multiplied by the pedal ratio. So,
[image: P=F_{\mathrm{Pedal}}R_{\mathrm{Pedal}}A_{\mathrm{Master}}]
Since the pressure at the master cylinder is the same as the pressure at the pad piston,

Now, solving for the area of the master cylinder,

If you use more than one master cylinder, the force on the pedal needs to be divided equally between the front and rear master cylinder. If you use a bias bar, it should be adjusted as close to even as possible and only taken away from equal bias to adjust the system once everything is installed.

image7.png
£Slave.
o Pea—

Fstuwe = PAglave = Fifuster




image8.png
Fpagaa/b




image9.png




image10.png




image11.png
Pistons move to
Caliper slides as equalize forces.

the pistons extend Caliper i fixed
Biake Py





image12.png




image13.png
FRotar = 20 ¢ padf pad




image14.png
ZWheel — Z7Wheel
et wewry

Flyocad




image15.png
C ¢ Tire £ Waight




image16.png
Normal Force, F,

Transverse
Force, F; C




image17.png




image18.png
1 Dive = Mg log




image19.png
Tpright = Frront (1 — 355 ) /Lot




image20.png




image21.png
1 Dive




image22.png
1 Uprieht




image23.png
Mear@hos = Frron (1 — 35) /Lab




image24.png
Fwheel = WErontC £ Tire




image25.png
F el = M@ = Front T FRaar




image26.png
Zotal

MCar Lo




image27.png
= Total

FrontCf:Tire T Wiear C s Tire




image28.png




image29.png




image30.png
CyTire = 3




image31.png
£ Decel





image32.png
DecelWheel

TWheel




image33.png
dEfoctive




image34.png
O FrontCWheel

P F—




image35.png




image1.png




image2.png
AntacterAnfactor




image3.png
(AN ster




image4.png
ANt oater




image5.png
dslave = Apfastor H2





image6.png
N st er AN st or




